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ON A POLYNOMIAL ZETA FUNCTION
S. L. CACCIATORI
Abstract. We introduce a polynomial zeta function ζ
(p)
Pn
, related to certain problems of mathematical physics,
and compute its value and the value of its first derivative at the origin s = 0, by means of a very simple
technique. As an application, we compute the determinant of the Dirac operator on quaternionic vector spaces.
1. Introduction
The aim of this paper is to look at few simple properties of a particular class of zeta functions, which we dub
polynomial zeta functions because they are associated with a polynomial Pn of degree n:
ζ
(p)
Pn
(s) =
∞∑
k=0
kp
Pn(k)s
.
Our motivations arise from physical questions, where, substantially, ζ (p)′Pn (0) defines the determinant of an
operator O having λk = Pn(k) as eigenvalues each one having degeneration kp:
detO = e−ζ (p)′Pn (0)
When O represent the Hamiltonian operator of a field theory, this provides the (Euclidean) effective action
Seff = − log(detO) = ζ (p)′Pn (0).
Thus, exact calculations of non perturbative quantum field theories effects can be performed, as for example
the Schwinger effect on flat or curved background, see for example [BVW], [AZ], or discharge effects on certain
charged black hole backgrounds, [BCDa], [BCDb].
However, we think that a general investigation of the properties of the polynomial zeta functions could be of a
certain interest for pure mathematics also.
Our strategy is very simple and is essentially based on a direct application of the Abel-Plana formula.
2. The polynomial zeta function
Let us consider the polynomial
Pn(x) = anxn + an−1xn−1 + . . .+ a1x+ a0 (2.1)
with a0an 6= 0. Suppose that the zeros of Pn are not in N. We define the polynomial zeta function
ζ
(p)
Pn
(s) :=
∞∑
k=0
kp
Pn(k)s
, p ∈ N. (2.2)
We are interested to compute ζ (p)Pn (0) and ζ
(p)′
Pn
(0).
To this hand, let us first assume that all zeros xi, i = 1, . . . , n, of Pn have negative real part: <xi < 0. With
these hypothesis, the function
f(z) =
zp
Pn(z)s
for <s > 0 is regular on <z ≥ 0 and satisfies the conditions
(1) limy→∞ e−2pi|y|f(x+ iy) = 0,
(2) limx→+∞
∫ +∞
−∞ e
−2pi|y|f(x+ iy)dy = 0.
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So, we can apply the Abel-Plana formula [WW] to get
ζ
(p)
Pn
(s) =
1
2as0
δp,0 +
∫ ∞
0
xp
Pn(x)s
dx+ i
∫ ∞
0
[
(ix)p
Pn(ix)s
− (−ix)
p
Pn(−ix)s
]
1
e2pix − 1dx. (2.3)
We write the polynomial Pn as
Pn(x) = an
n∏
i=1
(x− xi) ≡ anP 0n(x),
so that P 0n is monic. We also define
P˜n(x) = xnP 0n(1/x) =
n∏
i=1
(1− xix).
To perform our computations we need two lemmas.
Lemma 1. Let P 0n be a monic polynomial of degree n and having all zeros xi, i = 1, . . . , n with negative real
part, and p ∈ N. Then
lim
s→0
∫ ∞
0
xp
{
1
P 0n(x)s
− 1
n
n∑
i=1
1
(x− xi)s
}
dx = 0. (2.4)
Here we mean the limit of the analytic continuation f(s) of the expression defined by the integral.
Proof. We have
f(s) =
∫ 1
0
xp
{
1
P 0n(x)s
− 1
n
n∑
i=1
1
(x− xi)s
}
dx+
∫ ∞
1
xp
{
1
P 0n(x)s
− 1
n
n∑
i=1
1
(x− xi)s
}
dx.
For the first integral we can exchange the limit with the integral, so that it vanishes when s 7→ 0. For the second
integral, it is convenient to take the change of integration variable x 7→ 1/x so that it becomes
I(s) =
∫ 1
0
[
xns−p−2
P˜n(x)s
− 1
n
n∑
i=1
xs−p−2
(1− xix)s
]
dx.
The integrand has a branch point in x = 0, so that we introduce a cut on the positive real semiaxis. Next,
we define a path Γ, starting from the point x = 1 ≡ e0, going around x = 0 and then ending to the point
x = 1+ ≡ e2pii. See the figure 1. This is not a closed path, but in the usual way it is easy to show that, when I
Figure 1. The path Γ.
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is well defined, we obtain
I(s) =
1
e2piins − 1
∫
Γ
xns−p−2
P˜n(x)s
dx− 1
e2piis − 1
1
n
∫
Γ
n∑
i=1
xs−p−2
(1− xix)s dx.
As Γ does not pass through x = 0, this integral are well defined in a neighborhood of s = 0 and we can take
the limit or differentiate under the integral sign. Note that for s = 0 the monodromy becomes trivial and the
path closes, so that both integrals vanish. Thus we can use the de l’Hospital rule to get
lim
s→0
I(s) =
1
2pii
∫
Γ
1
xp+2
[
(log x− 1
n
log P˜n(x))− 1
n
(n log x−
n∑
i=1
log(1− xix))
]
dx = 0.

A second important step is the following:
Lemma 2. Let p a positive integer and F (p)P 0n (s) the analytic continuation on the complex plane of the function
F
(p)
P 0n
(s) =
∫ ∞
0
xp
{
logP 0n(x)
P 0n(x)s
−
n∑
i=1
log(x− xi)
(x− xi)s
}
dx, <(s) > p+ 1.
Then
F
(p)
P 0n
(0) = − 1
2n
p∑
l=1
 1
l(p+ 1− l) (
n∑
i=1
xli)(
n∑
j=1
xp−l+1j )
+ Hp
p+ 1
n∑
i=1
xp+1i , (2.5)
where Hp =
∑p
i=1
1
i are the harmonic numbers. In particular F
(0)
P 0n
(0) = 0.
Proof. The proof is very similar to the previous one so that we will be essential. As before we first obtain
lim
s→0
F
(p)
P 0n
(s) = lim
s→0
[J(s)−
n∑
i=1
Ji(s)],
J(s) :=
∫ 1
0
[
xns−p−2
log P˜n(x)− n log x
P˜n(x)s
]
dx,
Ji(s) :=
∫ 1
0
[
xs−p−2
log(1− xix)− log x
(1− xix)s
]
dx
Takeing Γ as above, and noting the monodromy of the logarithm, we have∫
Γ
[
xns−p−2
log P˜n(x)− n log x
P˜n(x)s
]
dx = (e2piins − 1)J(s)− 2piine
2piins
e2piins − 1
∫
Γ
xns−p−2
P˜n(x)s
dx
so that
J(s) =
1
e2piins − 1
∫
Γ
[
xns−p−2
log P˜n(x)− n log x
P˜n(x)s
]
dx+
2piine2piins
(e2piins − 1)2
∫
Γ
xns−p−2
P˜n(x)s
dx
and similarly
Ji(s) =
1
e2piis − 1
∫
Γ
[
xs−p−2
log(1− xix)− log x
(1− xix)s
]
dx+
2piie2piis
(e2piis − 1)2
∫
Γ
xs−p−2
(1− xix)s dx.
Again, we can use the de l’Hospital rule to obtain
F
(p)
P 0n
(0) = −1
2
1
(p+ 1)!
dp+1
dxp+1
 1
n
(
n∑
i=1
log(1− xxi)
)2
−
n∑
i=1
(log(1− xxi))2

x=0
.
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Note that for p = 0 this vanishes. For p ≥ 1, using the Leibnitz rule for derivation, we obtain
F
(p)
P 0n
(0) = − 1
2(p+ 1)!
p∑
l=1
(
p+ 1
l
) 1
n
(
n∑
i=1
dl−1
dxl−1
xi
1− xix
) n∑
j=1
dp−l
dxp−l
xj
1− xjx

−
n∑
i=1
(
dl−1
dxl−1
xi
1− xix
dp−l
dxp−l
xi
1− xix
)]
= −1
2
p∑
l=1
 1
l(p− l + 1)
 1
n
(
n∑
i=1
xli)(
n∑
j=1
xp−l+1j )−
n∑
i=1
xp+1i
 ,
from which the thesis follows. 
2.1. ζ (2m)Pn (0). From (2.3) and using Lemma 1, if p = 2m, we get
ζ
(2m)
Pn
(0) =
1
2
δm,0 + lim
s→0
∫ ∞
0
xp
Pn(x)s
dx =
1
2
δm,0 + lim
s→0
1
n
n∑
i=1
∫ ∞
0
xp
(x− xi)s dx.
Using ∫ ∞
0
xp
(x− xi)s dx =
Γ(s− p− 1)p!
Γ(s)
(−xi)p+1−s (2.6)
we get
ζ
(2m)
Pn
(0) =
1
2
δm,0 − 12m+ 1
n∑
i=1
(−xi)2m+1. (2.7)
For example, using x1 + . . .+ xn = −an−1/an, we get
ζPn(0) ≡ ζ (0)Pn (0) =
1
2
− 1
n
an−1
an
. (2.8)
2.2. ζ (2m+1)Pn (0). For the case p = 2m+ 1, we get
ζ
(2m+1)
Pn
(0) = lim
s→0
∫ ∞
0
xp
Pn(x)s
dx− (−1)m2
∫ ∞
0
x2m+1
e2pix − 1dx.
From Lemma 1 and (2.6) we get
ζ
(2m+1)
Pn
(0) =
1
2m+ 2
n∑
i=1
x2m+2i − (−1)m2
(2m+ 1)!
(2pi)2m+2
ζ(2m). (2.9)
Using
n∑
i=1
x2i =
a2n−1
a2n
− 2an−2
an
,
we find for example
ζ
(1)
Pn
(0) =
1
2
a2n−1
a2n
− an−2
an
− 1
12
. (2.10)
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2.3. ζ (p)′Pn (0). We first note that
ζ
(p)′
Pn
(0) = −ζ (p)Pn (0) log an + ζ
(p)′
P 0n
(0). (2.11)
Differentiating (2.3) with respect to s, for P 0n , we obtain
ζ
(p)′
P 0n
(s) = −1
2
∑n
i=1 log(−xi)∏n
i=1(−xi)s
δp,0 −
∫ ∞
0
xp
{
logP 0n(x)
P 0n(x)s
+ i
[
ip
logP 0n(ix)
P 0n(ix)s
− (−i)p logP
0
n(−ix)
P 0n(−ix)s
]
1
e2pix − 1
}
dx.
Now
lim
s→0
i
∫ ∞
0
[
(ix)p
logP 0n(ix)
P 0n(ix)s
− (−ix)p logP
0
n(−ix)
P 0n(−ix)s
]
dx
e2pix − 1
= i
n∑
i=1
∫ ∞
0
[(ix)p log(ix− xi)− (−ix)p log(−ix− xi)] dx
e2pix − 1
= −i d
ds |s=0
n∑
i=1
∫ ∞
0
[(ix)p(ix− xi)−s − (−ix)p(−ix− xi)−s] dx
e2pix − 1 .
We can apply the Abel-Plana formula to this expression to obtain
ζ
(p)
P 0n
(0) = lim
s→0
∫ ∞
0
xp
{
logP 0n(x)
P 0n(x)s
−
n∑
i=1
log(x− xi)
(x− xi)s
}
dx+
n∑
i=0
ζ
(p)′
H (−xi, 0),
where
ζ
(p)
H (a, s) =
∞∑
k=0
kp
(k + a)s
.
Writing
kp = [(k + a)− a]p =
p∑
l=0
(
p
l
)
(k + a)l(−a)p−l,
we see that
ζ
(p)
H (a, s) =
p∑
l=0
(
p
l
)
(−a)p−lζH(a, s− l)
where
ζH(a, s) =
∞∑
n=0
1
(n+ a)s
is the classical Hurwitz zeta function [WW]. From Lemma 2 and (2.11) we finally get
ζ
(p)′
Pn
(0) = −ζ (p)Pn (0) log an +
1
2n
p∑
l=1
 1
l(p+ 1− l) (
n∑
i=1
xli)(
n∑
j=1
xp−l+1j )
− Hp
p+ 1
n∑
i=1
xp+1i
+
n∑
i=1
p∑
l=0
(
p
l
)
xp−li ζ
′
H(−xi,−l). (2.12)
For example, for p = 0 and p = 1 we find
ζ ′Pn(0) ≡ ζ (0)′Pn (0) = −
(
1
2
− 1
n
an−1
an
)
log an + log
∏n
i=1 Γ(−xi)
(2pi)
n
2
, (2.13)
ζ
(1)′
Pn
(0) = −
(
1
2
a2n−1
a2n
− an−2
an
− 1
12
)
log an +
1
2
[
a2n−1
a2n
(
1
n
− 1
)
+ 2
an−2
an
]
+
n∑
i=1
(
xi log
Γ(−xi)√
2pi
+ ζ ′H(−xi,−1)
)
, (2.14)
where we used the identity
ζ ′H(a, 0) = log
Γ(a)√
2pi
.
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2.4. Remark. We determined formulas (2.7), (2.9) and (2.12) with the assumption that all zeros of the poly-
nomial have negative real part. However, it is easy to see that the same formulas hold true for the general case,
the only assumption being xi /∈ N for any i = 1, . . . , n. To prove this it suffices to note that
ζ
(p)
Pn
(s) =
N−1∑
k=0
kp
Pn(k)s
+
∞∑
k=0
(k +N)p
Pn(k +N)s
=
N−1∑
k=0
kp
Pn(k)s
+
p∑
l=0
(
p
l
)
Np−lζ (l)
P
(N)
n
(s) (2.15)
where P (N)n (x) := Pn(x+N) has zeros in xi−N . If we choose N > Maxi=1,...,n{<xi}, then we can differentiate
(2.15) and use our previous results to ζ (l)
P
(N)
n
(s) to show that they hold true for ζ (p)Pn (s) also.
3. Final Remarks
We studied the polynomial zeta function ζ (p)Pn limiting ourself to the problem of compute its value and the
value of its first derivative at s = 0. This is because our interest in physical applications. For example, our
results can be used to compute the Dirac operator on a quaternionic projective space HPn. Its eigenvalues are
[M]
±√λm,k, ±√µm,k
with
λm,k = 4m2 + 4m(2n+ k) + 4n(n+ k)− 4(k + 1), k ∈ {1, 2, . . . , n− 1}, m ∈ N0,
µm,k = λm,k+1 + 8(k + 1), k ∈ {1, 2, . . . , n− 1}, m ∈
{
N if k = n
N0 otherwise .
The logarithm of the determinant of the Dirac operator is
ζ ′/∂(0) =
1
2
ζ ′/∂2(0)−
1
4
ζ/∂(0) log(−1).
Thus we can apply our results to get
det(/∂)HPn = eζ
′
/∂(0) = (−1)n8 (5n+3) pi
2n−1
25n2−2n−2(n− 2)![(n− 1)!(n+ 1)!]n−1(2n)!
n−1∏
k=1
1
(n+ k − 1)!(n+ k + 1)! .
Another very interesting physical application is to the problem of describing the discharging of a charged black
hole. In the case when this is described by a Nariai solution, both the Dirac and the Klein-Gordon equations
can be explicitly solved and the effective action describing the Schwinger pair production can be computed
exactly. This phenomenon will be described in details elsewhere [BCDa], [BCDa], so that we only note that, in
that case, it arises the problem to compute the derivative in s = 0 of multiple sums of the form (see also [E],
[SZb])
ζ˜
(m)
Pn (s) =
∑
~m∈Zm
1
Pn(m1 + . . .+mm)s
=
∞∑
k=0
d
(m)
k
Pn(k)s
, (3.1)
where d(m)k is the cardinality of the set of partitions k = m1 + . . .+mm of k. Now, using the recurrence relation
d
(m)
n =
∑n
l=0 d
(m−1)
l one can easily expand d
(m)
k as a polynomial
d
(m)
k =
m∑
l=0
clk
l.
For example
d
(2)
k = k + 1, d
(3)
k =
1
2
k2 +
3
2
k + 1, d(4)k =
1
6
k3 + k2 +
11
6
k + 1.
Then
ζ˜
(m)′
Pn (0) =
m∑
l=0
clζ
(l)′
Pn
(0). (3.2)
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Finally, going beyond the physical applications, we think that the polynomial zeta function is interesting by
itself so that its properties deserve a deeper investigation [SZa], [SZc].
Acknowledgments
I am grateful to F. Belgiorno both for suggestions and encouragement and to F. Dalla Piazza for useful
discussions. I am indebted with R. Marigo for the figure. Finally, I thank S. Pigola for useful comments.
References
[AZ] V. B. Adesi and S. Zerbini, “Analytic continuation of the Hurwitz zeta function with physical application,” J. Math. Phys.
43 (2002) 3759
[BCDa] F. Belgiorno, S. L. Cacciatori and F. Dalla Piazza, “Pair production of charged Dirac particles on ultracold and Nariai
black hole manifolds,” to appear.
[BCDb] F. Belgiorno, S. L. Cacciatori and F. Dalla Piazza, “Exact quantum effects for a Klein-Gordon field on ultracold and Nariai
black hole manifolds,” in preparation.
[BVW] S. K. Blau, M. Visser and A. Wipf, “Analytical results for the effective action,” Int. J. Mod. Phys. A 6 (1991) 5409.
[E] E. Elizalde, “Multiple zeta functions with arbitrary exponents,” J. Phys. A 22 (1989) 931.
[M] J.-L. Milhorat, “Spectre de l’ope´rateur de Dirac sur les espaces projectifs quaternioniens,” C.R. Acad. Sci. Paris, Srie I 314
(1992), 69–72.
[SZa] M. Spreafico and S. Zerbini, “Spectral analysis and zeta determinant on the deformed spheres,” Comm. Math. Phys. 273
(2007) 677–704.
[SZb] M. Spreafico, “Zeta determinant for double sequences of spectral type and a generalization of the Kronecker first limit
formula,” arXiv:math/0607816v3 [math.DG].
[SZc] M. Spreafico, “Zeta Functions and Regularized Determinants on Projective Spaces,” Rocky Mountain J. Math. Volume 33,
Number 4 (2003), 1499-1512.
[WW] E. T. Whittaker and G. N. Watson, “A Course of Modern Analysis,” Cambridge University Press (1902).
Dipartimento di Fisica e Matematica, Universita` dell’Insubria, 22100 Como, Italy, and, I.N.F.N., sezione di Milano,
Italy
E-mail address: sergio.cacciatori@uninsubria.it
